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Abst rac t - -We use a molecular aggregate approach and classical, molecular dynamics type formu- 
las to simulate the motion of gas bubbles within a liquid. For application, the liquid is taken to be 
water while the gas is taken to be carbon dioxide. The resulting dynamical equations are large sys- 
tems of second-order, nonlinear, ordinary differential equations which are solved by a time-stepping 
numerical method. The rise of the bubbles and the motion of the water near the bubbles are described 
and discussed. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Fluids are composed of atoms and/or molecules, and the gross dynamical behavior of any fluid 
is determined by the behavior of these constituents [1]. 
I f  a fluid is modeled as a continuum of points, the conservation laws for both compressible 
and incompressible fluids lead directly to the Navier-Stokes equations [2-4]. These equations are 
laminar equations deduced under the assumption of small gradients. However, surface tension, 
which is fundamental to the physics of fluid drops, is not inherent in the Navier-Stokes equations; 
and it is not clear to what extent these equations are applicable to turbulent flow. Thus, when 
these important partial differential equations for studying fluid behavior are used to simulate the 
rise of carbon dioxide bubbles in water, artificial assumptions must be added. 
In this paper, we use a molecular aggregate approach [5], called particle modeling, to simulate 
a three-dimensional study of carbon dioxide motion in water. This molecular-aggregate pproach 
is different from continuum Navier-Stokes imulation in that molecular-type formulas will be 
incorporated into the model; thereby, addition of artificial assumptions to the model will not be 
necessary. 
2. PART ICLE  FLU ID MODELS 
We use cgs units in this and all succeeding sections, unless otherwise specified. Force is mea- 
sured in dynes and energy is measured in ergs. The term particle is used to represent an aggregate 
of molecules or atoms. Throughout, we must be careful to observe whether a discussion is for 
molecules or particles. 
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Consider a cylindrical basin with radius 0.36 cm and height 0.686cm as shown in Figure 1. 
We construct 15 layers of points in this basin, arranged on a regular tetrahedral grid of edge 
length 0.06 cm. The rationale for choosing 0.36 cm and 0.686 cm as the radius and height of the 
cylindrical basin is based on the edge length (0.06 cm) of the tetrahedral grid and the number of 
points in the basin. Note that 0.36 cm = 6(0.06 cm) and 0.686 cm -- 14(0.049 cm), where 0.049 cm 
is the height of the regular tetrahedral grid. The rationale for choosing 0.06 cm as the edge length 
of the tetrahedral grid will be explained shortly. The number of points in the basin is 1919. 
0.0- 
t" 
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Figure 1. Cylindrical basin. 
The volume of the basin is approximately 0.2793 cm 3. Since 1 cm 3 of water has a mass of 1 g, 
the total mass of water in the basin is approximately 0.2793 g. We now replace the 1919 points 
in the basin with water particles yielding 1919 particles which are aggregates of water molecules. 
Distributing the total mass of water in the basin over these 1919 water particles yields the 
mass of a single water particle given by 
0.2793 g = (1.46)10_ 4g. (1) 
Mw = 191------~ 
We assume that the magnitude of the local force _~ between two water particles Pi and Pj, 
Rij cm apart, is given by 
G H 
f (n, j )  = + -T ,  (2) Rij 
where G and H are positive constants to be determined. We note that for such a choice of 
exponents, 3 and 5, in (2), it is never necessary to compute Rij; only R, 2 is needed, so that 
the (sometimes costly) square root process is avoided when computing the numerical solutions 
of the resulting dynamical equations which describe the particles' motions. Also, such a choice 
of exponents will result in a physically stable, nonvolatile system. Thus, it follows from (2) that 
the potential function ¢(Rij) for the pair of water particles, Pi and Pj, Rij cm apart, is (since 
= 
G H 
¢(Rij) = - ~--6Y + 'q - -  (3) 2Rij 4Rij 
Assuming that F = 0 at Rij = 0.06 cm (initial distance of separation between two adjacent 
water particles in the basin), equation (2) yields 
-(0.06)2G + g = 0. (4) 
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Similarly, assuming zero kinetic energy and using (3), the potential energy of the particle system 
in the basin is approximately [6] 
E=6(1919) [ -G  H ] 
2(0.06)----- ~ + 4(0.06)-------- ~ • (5) 
To determine the unique values of G and H, we use (4), (5), and conservation of total energy as 
follows. 
From the classical, Newtonian point of view, the interactions between pairs of atoms or 
molecules in close proximity to each other are responsible for providing the two principal features 
of interatomic force [1]. The first is a resistance to compression; for this, the atoms or molecules 
repel at close range. The second is to bind the atoms or molecules together in the solid and liquid 
states; thus, the atoms or molecules attract each other over a range of separations. The repulsive 
force is of a greater order of magnitude than is the attractive one. Potential functions exhibiting 
these characteristics an adopt a variety of forms; the best known, which was originally proposed 
for liquid argon, is the Lennard-Jones potential [7]. The Lennard-Jones potential for a pair of 
atoms Pi and Pj located at ~'~ and ~'j, respectively, is 
¢(uj )  = 4e - rij <_ r~, (6) 
where ~ij = r'i - r'j and rij = IIr'ij H- It can be shown that a is the zero potential energy 
separation distance and ~ is the minimum potential energy. The interaction repels at close range, 
then attracts, and eventually it is cut off at some limiting separation re. The force corresponding 
to the potential function in (6) is obtained from the equation f= -V¢(r) .  
Substituting ~= (4.9115)10 -14 and a = 2.725 into (6) yield a simplistic classical molecular 
potential for two water molecules, Pi and Pj, rij angstroms (A) apart, given by [2] 
¢(r~j) = (1.9646)10 -'3 [(2'725~) 1~- (2"72--~5~ ~] erg. 
L\ rij ] \ rij / J 
(7 )  
Hence, from (7), the magnitude of the force/~, in dynes, on P~ due to Pj is given by 
(s) 
In equation (8), F,(3.059) - 0, hence, 
f = 3.059/~ (9) 
is called the equilibrium distance for the force/~,. Our choice of 0.06 cm as the edge length of the 
tetrahedral grid for generating the 1919 points in the basin was partly based on this equilibrium 
distance (since 0.06 ,~ 3.059/50) and partly for convenience. 
We next fill the cylindrical basin with water molecules, where these molecules are placed at the 
vertices of a regular tetrahedral grid with edge length 3.059/~ and height 2.498/~. The number 
of water molecules in the basin is approximately 
[ 0.36 0.686 l 
N -- 7r [(3.059)10_8j L(2.498)10_s ] 
or  
N= (1.19489)1022. (i0) 
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Assuming zero kinetic energy and using equation (7), the potential energy E of the molecular 
system in the basin is approximately [6] 
 =0 119480,1022{ 19040,1013[  2725 6+ 272 12], , } 
or 
E= -(3.52122)109 erg. 
Equating (5) and (11), we get 
-G  H ] 
6(1919) .2(0~)2 + 4(07~6)4 = -(3.52122)109. 
(11) 
(12) 
Solving equations (4) and (12) simultaneously, we get the values of G and H approximately as
G = 4403.82 and H = 15.8537. Thus, equation (2) becomes 
4403.82 15.8537 
F(Rij)- R 3 + 5 (13) R~j 
Now introducing ravity, and using equations (1) and (13), let the motion of a water particle Pi 
as it interacts with other water particles be determined by the dynamical equation 
M~ ~ -980M, j+ ,~ ~ \ 44O3.82 
= - - +  ~ R..' j=l Ri3 Rij J ,a 
j~i  
where ~ = (0, 0, 1), a is the normalization constant and the first term on the right-hand side is 
the gravity term. Division on both sides by Mw yields 
d2Ri_ 980~+a~9( 
dr2 j=l 
j#i 
3.01832 7 1.08587 05~ /~ji 
-BS- 10 + ~7/sj 1 ) ~ / j ' R i j  (14) 
We choose a so that each particle in the very top row of the configuration is supported completely 
by the local interaction with any particle that lies 0.049 cm directly below it. Note that 0.049 cm 
is the height of the tetrahedral grid used to construct the initial positions of the water particles 
in the basin. Thus, 
[3.01632 1 .08587]  
a (0.049)3 107 + (0.049)------- ~105 = 980, 
which yields 
= (7.65449)10 -9. (15) 
Substituting equation (15) into (14), we get 
831 4 1919 0.230884 .~s, 10_ ~ /~j, d~'~' -980~+ ~ - - -  + ,~t~ = ,:1 R,~j R,j / ~ .  (18) 
We next make the convenient changes of variables 
/~i --- 10Ri, T -- 10t. (17) 
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Using the transformations in (17), equation (16) becomes 
,919 ( 8.31  23.0884 d2fi, -98.0 + E ---7 
j = 1 RiJ j#i 
(18) 
The transformations i  (17) have the effect of multiplying each coordinate of the water particles in 
the basin by a factor of 10. Equation (18) represents a dynamical equation for a water particle Pi 
as it interacts with other water particles; it is the one that will be used for actual computation. 
We next proceed to construct a model for the CO2 bubbles and derive equations for describing 
their motions as follows. In three dimensions at 0°C, CO2 gas has a density approximately 1/500 
that of water [8]. Thus, using this result and equation (10), we place 
500 (1"19489)1022 = ( "38978)1019 (19) 
CO2 molecules in the basin. 
Let the number of CO2 particles in the basin be 51, arranged on a regular tetrahedral grid of 
edge length 0.21cm and height 0.17cm. The number 51 is chosen arbitrarily; but, this number 
of CO2 particles is sufficient to describe the motion of the CO2 bubbles and the motion of the 
water near the bubbles. The edge length 0.21cm and height 0.17cm of the regular tetrahedral 
grid were chosen so that the 51 CO2 particles are evenly distributed in the basin. 
A Lennard-Jones type potential function ¢(rij) for two CO2 molecules, Pi and Pj, rij ,~ apart, 
is given by [2] 
¢(rij) = (1"132051)10-13 [ (\4'07~ t2 - r~ j  / \(4"07~61rij / J erg. (20) 
Thus, the magnitude of the corresponding force Fi on Pi due to Pj, in dynes, is given by 
Fi(l~ij) = (1.668871)10 -5 [2 k(4"0~7"~13 - - r i j  J \(4"07"~7] . r i3  ] J (21) 
From equation (21), Fi(4.568) = 0; thus, 4.568A is the equilibrium distance. Using (19), (20), 
and the equilibrium distance, the total molecular potential energy of the CO2 molecular system 
is approximately 
or 
E = -(4.05S03)106. (22) 
As in the case of the water particles, we now assume that the magnitude of the local force 
between two CO2 particles, Pi and Pj, Rii cm apart, is given by 
G H F(R,i) = - -~-  + -6"g-, (23) 
Rij Rij 
where G and H are constants to be determined. Thus, from (23), the potential function between 
two CO2 particles, P~ and Pj, Rij cm apart, is 
G H 
¢(RO)_ 2R~.2j + 4R~.4j. (24) 
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Assuming that Rij -- 0.21 cm is the CO2 particles equilibrium distance, equation (23) yields 
-(0.21)2(7 + H = O. (25) 
The total potential energy for the CO2 particles system in the basin is approximately 
-G  H ] 
E = 6(51) .2(6~)2 + 4(0.-~1)4 . (26) 
Equations (22) and (26) yield 
2(67~)2 + 4(o:~1), 
(27) 
We solve (25) and (27) simultaneously to get G = 2339.33 and H = 103.165. Thus, equation (23) 
becomes 
2339.33 103.165 
F(Rij) = 3 + 5 (28) Rij Rij 
The mass of a CO2 molecule is approximately (7.3585)10 -23 g. Thus, using (19), the mass Mc 
of a CO2 particle is 
Me = (2'38978)1019(7"3585)10-23 
51 
or 
Mc = (3.448)10 -5 g. (29) 
The motion of a CO2 particle Pi as it interacts with other CO2 particles is given by the 
dynamical equation 51( 
d2/~i - -  + -b-T • (30) Mo N = -980Md+ ~ 2339.33 103.165~ & 
j~  
Using equations (15) and (29), equation (30) becomes 
d2/~ -9806"+ 0.5193 + ~ . (31) 
dt 2 = = - Ri---~- j R~s ] R~j 
Now, using the transformation i (17), we rewrite (31) as 
51.93 
j= l  ~Y 
(32) 
Thus, equation (32) is the dynamical equation of a CO2 particle Pi as it interacts with other 
CO2 particles. 
For CO2-H20 particle interaction, we use a simple law of empiricM bonding in which the 
interaction constants are averaged [2]. 
A summary of the dynamical approach that will be used in actual computation is as follows. 
Let P~ and Pj be any two particles in the basin, the motion of P~ is determined by the dynamical 
equation 
a2Kar2 -98.0 + A = -~-~ + i = 1, 2 .. . .  ,1919. (33) 
j= l  
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Figure 2. H20 basin at T = 0.6. Figure 3. H20 basin at T = 1.0. 
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Figure 4. Initial CO2-H20 configuration. Figure 5. T - 0.2. 
We impose a distance of local interaction D -- 0.62cm to force local interaction only. The 
choice of D -- 0.62 cm is based on the edge length (0.6 cm, after applying the transformation 
in (17)) of the tetrahedral grid used to set the initial positions of the water particles, for the 
purpose of assuring one equilibrium distance of local interaction for the water particles. Thus, if 
/~ij > 0.62 cm, then A = B = 0. For/~ij  _< 0.62 cm, A and B are determined as follows. If Pi 
and Pj are both water particles, then from (18), A = 23.0884, B = 8.31. If Pi and Pj are both 
CO2 particles, then from (32), A = 51.93, B = 229. In all other cases (that is, for H :O and CO2 
particles interactions), A = (23.0884 + 51.93)/2 = 37.5092, B = (8.31 + 229)/2 = 118.655. 
3.  WATER STABIL IZAT ION 
We let the basin of water particles find its own equilibrium configuration in accordance with 
the dynamical equations in (18) and the leap-frog method [6] as follows. 
Each water particle in the basin is assigned an initial random velocity of either =]=10 -7 in 
the x- and y-direction in order to avoid symmetry. We use the dynamical equations in (18), the 
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Figure 6. T = 2.0. Figure 7. T = 6.5. 
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Figure 8. T = 11.0. Figure 9. T = 17.0. 
initial velocities, and the initial positions of the water particles to generate the motion of the water 
particles in the basin of water. We choose AT  -- 10 -5. During the stabilization, the velocities are 
damped by a factor of 0.1 after every 500 time steps, and particles are reflected ue to wall collision 
as follows. At time Tk, let Ri,k ~/x 2 2 i,k + where (Xi,k, Yi,k, Zi,k) is the position of particle P~ = Yi,k~ 
V 
at time Tk. If Ri,k > 3.6 (radius of cylindrical basin after the transformation i  (17)), Pi 's position 
and velocity are reset as follows. Di,k = 2(3.6)- Ri,k, xi,k = Di,k "Xi,k/R~,k, Y~,k = Di,k "Yi,k/P~,k, 
Vi,k,x = --O.lvi,k,x, Vi,k,y = --0.1Vi,k,y, and vi,k,z = O.lvi,k,z; (Vi,k,x, Vi,k,y,Vi,k,z) is the  ve loc i ty  
of particle Pi at time Tk. If Z~,k < 0, then z~,k = --Zi,k, V+,k,x = O.lvi,k,=, V~,k,V = 0.1V~,k,~, and 
Vi,k,z = --O.lv+,k,z. The results obtained are shown in Figures 2 and 3, where Figure 3 is the 
stable basin of water. Figure 1 is superimposed on each of the figures that follow. 
4. MOTION OF  CO2 BUBBLES 
We simulate the CO2 bubbles in the basin as follows. Using the stable basin of water particles 
in Figure 3, we assume that 51 of the 1919 water particles in the basin are now CO2 particles. 
No changes in the positions and velocities are made. The dark shaded spheres in Figure 4 and 
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Figure 10. Initial CO2-H20 configuration. Figure 11. T = 0.1. 
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Figure 12. T= 0.2. Figure 13. T = 2.0. 
subsequent figures represent these 51 CO2 particles. The water particles are not shaded, but 
some appear so because they are very close to each other. 
Using the initial configuration i Figure 4, the system of dynamical equations (33) is solved 
numerically by the leap-frog method. We use AT = 10 -5. Particles are reflected ue to wall col- 
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Figure 16. Wake flow at T = 0.2. 
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Figure 17. Vertical flow of uppermost particles 
at T = 0.2. 
lision as stated above, but using 0.9 as the new damping factor all throughout the computations. 
The results, which show the emergence of the bubbles from the basin, is shown in Figures 5-9. 
We next set the 51 CO2 particles in the water basin in the position shown in Figure 10, where 
the effect is to create a large compressed CO2 bubble. This figure is constructed from the stable 
basin of water in Figure 3, by assuming that 51 of the H20 particles ave now CO2 particles. 
Again, no changes of positions and velocities are made. Using system (33) with AT  = 10 -5, the 
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°° 
Figure 18. Wake flow at T = 0.2. 
resulting motion is shown in Figures 11-15 at the indicated times, where T = 0 corresponds to 
Figure 10. Figures 11 and 12 show the immediate compression wave effect directly above the 
bubble at the basin surface. Figures 11-15 show the disintegration of the bubbles as it rises. 
To see the behavior of the water particles around the CO2 bubbles as the bubbles rises, consider 
Figure 12 at T -- 0.2. Figure 16 shows at T = 0.2 only those H20 particles that were originally 
below the bubble, and their formation into a wake below the CO2 bubble as it rises. Similarly, 
Figure 17 shows at T = 0.2 those particles that were originally above the bubble; whereas, 
Figure 18 shows at T = 0.2 those particles that were not originally above the bubble (these 
include those of Figure 16). Figures 16 and 18 clearly show how the H20 particles in these 
figures have moved toward the area vacated by the particles in the wake. 
5. REMARKS 
Models with more particles, say 5,000, can yield more accurate information and more esthetic 
pictures, but require at present extensive supercomputation. However, models with fewer than 
500 particles can be studied easily with most available workstations. The computer we used was 
the ALPHA cluster, which is composed of two DEC AlphaServer 2100s (Model 500MP). 
All the gross motions obtained in the results were the results of Brownian-type motions. Thus, 
the upward CO2 motions were the result of both upward and downward oscillations, with the 
upward ones dominating. 
The results we obtained above are similar to those obtained for the two-dimensional case [9]. 
Since we have not defined turbulence, it is unreasonable to claim that portions of the basin 
motions are turbulent. However, a possible approach to such a flows [10] would require the use 
of average velocity and extensive graphs of the resulting velocity fields. This would require more 
sophisticated techniques than those employed in this paper. 
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